IERARASF LD 1 1 2 HIT

BN =
BIRAZITZEICABIETFH

kaoru@damp.tottori-u.ac.jp

HIS=AFIC L DAN/INT —> DEHLDA

C(Craik) = 447 1 2RFTMLI—Y + Y2 VT« VIE
5D 3IRTHME (750 RERE)

-

PRULE]

22 [Ty G

J

FENZAT > T

> pnkn =0 and Y ppwn = 0 for k; = (kF, k:?) and p, € Z
n n

1p1] + [pal + ps] = 3: JEM = fi kY
Ay = 0141 + s Ao A5 + O(1 4,
A2 = UQAQ + H2A3A1 + O(|AJ|3)’

Az = 0343 + r3A1 A5 4+ O(|4,%)

On, Kn S (C

1:2 Hopf/&EHE— FMHAIEH
k¥ = kS, k% =2k, kY = -k}, and k§ =0, w; = —wp and w3 =0
A1 = 0141 + w1A2A3 + O(14,]3), k‘y
Ay = 5145 + R1A3A; + O(|44]3),
Az = 0343+ k3A142 + O(JA;?) ‘ ‘
o1,k1,€C, o3,k3 €R ‘ ‘ ];50

1:2 EHE — FEHEEH

k:fzkg, k3 = 2kq, k’%:k’g:k’%zo, and wy =wp = w3 =0:
A1 = 0141 + w141 42 + O(14,]3),

Ag = 0242 + kAT + O(14;%) ko k=

—_— >
0'170'27"{17&26]R kl



ky Ga(t) e
= ¢t) = (Q(®), )"
ki ¢ )

G1(t) & @) T AR O

d d
£C =g((,N) — 5(75) =g(y¢,N) forallye Il
& g(v¢,A) =~g(¢,A) for all ye I': I'— FAZEE
- AEFZLEA £(C):
F(v¢) = f(C) for all y e I

T-FAZEX7 P VB ko THER I N7 IRIE SR

£C=9(6N) = Y 1;(Og;¢ )
J
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O(2) WD T 1:2 EHE€— FHAEEH
Pz, t) = 1 (1) p1(2) €M7 + (o (t)po(2) € 2H07 4 ce. 4 -+
O(2)= SO(2) x Zo(x)
SO(2): z — x4+ d(mod 27 /kg)
& (C1,¢2) — (e%¢1,e?¢) for 0 < 6 < 2
Zy(k): ©— —x & (¢1,¢2) — (C1,¢2)

o) ALK :
P1="P1(u,v,w,A), P2=P2(u,v,w,))
Q1 = Qi1(u,v,w,A), Q2= Qa(u,v,w,\))
u=[¢1l?, v =10 w= {30+ G0
O(2)-FAZERY b VI & > THEE I N RIEGRER
{1 =GP+ G601, (o =0P2+ (12

9

EWf#E r1 #£0, 1040, and cos©® = +1: HAET—F
0= o171 £ B1r1ra + (k175 + Kor3)ry,

0 = ooro % fors + (k3r: + Kar3)ro

EFME r1 #0, o 20, and cos© # +1: EfE
0 = o171 + B17r1712€OS © + (K173 + Kor3)r,
0 = oorp + 321} COS © + (k3T + Kar3)ro,
0= Boriry ! + 26172
0 — 201 = © £ nmw
91 = B1rosSin® — 01 = (B1resin®)t+ 61(0), 6> =201+ ©
W = r1dq(2)eiFort01) oo (2)e2i(kor+014+0) 4
eilkoz+01) o gifko(a—[—ky ' B1rosin ©]4)}

Relative Equilibrium

R8BS 74 7 —EH -
{1 = 011 + B1C1¢o + (r1¢1]? + ral¢a]?)¢H,

o = 02Co + BT + (k3]C1]? + KalC2l) o
¢1=r1(0)e1®, (5 = ry(t)e®2®
1 = o171 + B17172 COS © + (K175 + KoT3)TL,
fo = oorg + Bors cOs © + (k3rs + K4r3)r2,

© = —(Boriry ' 4 2617m2)sin©
where ©(t) = 0>(t) — 2601 (t).

EHMAry =0, ro = 0: Hiffie—F

10

ETOREENHE Zo: (¢1,¢2) — (—¢1,—¢2)
O(2)BZr-AE%IEHA :
Pl = Pl(u,v7w2,)\), P2 = PQ(U,’I]71U2,>\)
Q1 = Q1 (u,v,w2 N\), Qo= Qa(u,v,w? \)

u=|¢1]% v=1C? w=_20+ 0

OR)PZr-HERY P NG & > TER I N iRIE AR :
{1 =GP+ Gowr, (= P2+ (fwds
FRICB T 574 7 — R :
1 = 0161 + (k1w + p1v)¢1 + x28iéow + (1102 + Aouww + A13v?)(y,
$o = 02G2 + (kou + 12v) G2 + x267w 4+ (A21u® 4+ Apouv + A2307)(2
(1#£0, ;=0 KEAT—)L, (=0, (p#0: hSHT—)L
(1#0, (2#0: EHE—L 2
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Figure 1. Neutral stability curves for different Prandtl numbers, P—>0, P = 17.99491, and
33.98985. Solid curves denote the neutral curves for stationary modes while dashed curves denote
those for travelling modes. Open circles denote parameter sets for 1:2 resonance, open squares
denote those for 1:1:2 resonance, and open triangles denote those for 1:1:2:4 resonance.
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Fig. 2. Linear neutral stability curves. The open circle indicates the parameter set at which the nonlinear degenerate situation occurs where
the cubic coefficient of the Stuart-Landau equation (the first Landau constant) for a monochromatic mode vanishes. The closed circles
denote the 1 :2 interaction points.
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Theorem (Guckenheimer & Holmes):

In the space of one-parameter families of G-equivariant vector fields,
there is an open set V with the following property: If X, € V, then
there is a bifurcation of the origin at A = Ag such that

(a) the origin loses stability as X increases through X\g

(b) for A > Xg, there is a stable heteroclinic cycle near the origin.

NN/

KOO
RAKKF
NS K

1:+3 1:2

Daumont, L, Kassner, K., Misbach, C. & Valance, A. 1997 Cellular self-propulsion of two-
dimensional dissipative structures and spatial-period tripling Hopf bifurcation. Phys. Rev. E 55,
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The 1 : 2 spatial resonance on a
hexagonal lattice in two-layered
Rayleigh-Bénard problems
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Department of Applied Mathematics and Physics, Tottori University,
Tottort 680-8552, Japan
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1. Two-layered Rayleigh-Bénard problem

o\ Du . . .
o) St = =V = o gL = o (T} — Tu) = o (T} — Tu)les + ;A5
DT; * Ik * =k .
Di = K AT, VE-07 =0, (j=1,2). (1.1)

e,: the unit vector upward in the z-direction,

g: the acceleration due to the gravity,

11, p2: the viscous coefficients,

K1, Ko: the thermal diffusivitpares,

p(()l), p((f): the densities.

physical properties: evaluated at T} = T, and T = Tj.
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k
2. Non-dimensionalization
* d2 —nk ’%j = % =
t" = K—lt, U= T = dz,
. z N ) o ) K2
p;=—dp{g / [1=af" Dy(TD ~Ta)(1—2) a5 D} (T ~Ta)* (1—2)dz+py G,
Tf —To = (TD = T) D;[(1 = 2) + 0;(x,y, 1)), (G =1,2) (2.1)

where we set Dj = (=D)=1, TM =Ty, and T? = T;.
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Assume k1 = k9 and T'=1 — z. In the non-dimensional form:

D"‘ —
! Di = —P;'Vm; + R;K 0. + R;K;¢;(2T0; + 03)e. + AT,
Do, )
T;—MJ_AGW v ’UJ—O, (]—1,2), UJ_(u]anij) (2 2)
where
P9 gal (T — T))a? vj . o (7) )b,
R; = = , Pp=—=, K;=Dj, ¢ = —
Djpikn Kj ol

25

2ELAY— - RF—)LEBICKTT B
FR 37 pRiR

1800 x T T x

T

1600

1400
Ry
1200

T

T

T

1000

800

27

3. Boundary conditions

T =0=0at 2=0,1,1+D7, 0,=0,=0 at 2=0,1+ D" L. (3.1)

On the dividing plate, the temperatures need to satisfy

P ary - d1g .

T =Ty, k1 L =2 at 2" =d, (3.2)
which yield

R2 D4O[§1)I/2K2 d91 d@g
91:—T925G92, — =G— at z=1. (3.3)

Ry o\ Pk dz dz

2
P(z,y,2,t) =

219§D ()67 4 25 (DD BTN 4o (1)p{Vek 550 4o

24 () 85D (20620 4 25 (1) S0 2R (3050 4o (1) g D235 Lo .
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|_J R }‘N/fbj

z = g(zar)/)

z = (21(t), 22(t), 23(t), 24(¢), 25(t), 26(t)) € CS
9 = (91(2), 92(2), 93(2), 94(2), 95(2), g6(2))

RHEE T DIER O T TORZEN: :

g(vz) =~g(z) foralyel
22T, IEAMIBORFOREHE : [ = Dol T?

29

I" — equivariant polynomials g(z) :

g(vz) =vg(z) for all y € I'

(bI) (b2) (b3) (b4) (b) (bG) (b7) (b8) (b9) (b10O) (bL1) (b12)

SRR AR 2 N VA AR AN
mvé\mmwx./}a
(¥

¢

o

G%‘l:i}%;%ﬁd

AT Rt gty
vl § el O
o b g 0

Figure A2, Open paths on a hexagonal lattice. Closed circles denote the starting point
(0,0) and open circles denote the ending point (k.,0). (bl): z1, (b2): Z1z4, (b3): Z2Za,
(bd): 212525, (b5): 222324, (b6): Z223Z6, (bT): 222925, (b8): 222325Z6, (b9): 22232426, (b10):

Zozszazs, (b10): Z]_Z;%fs, (b12): 215326. See gﬁ 5).

Ror/s — (2223, 21, 25, 26, 24) .
Cy (Z 237221247z6az5) F — D6+T2
& (21722,233247'25;’26) ) ) )
(s,t) € T? — (2, e it gy eitzg, @5z, e 25T 4 o2t y)
f(vz) = f(z) for all Y €T
(al) (a2) (a3) (ad) (a3) (ab) (a7) (a8) (a9)

s == AN oA DA
X o AR
AN Y

Figure A 1. Elements of closed polygons on a hexagonal lattice in the wavenumber plane.
Short arrows denote xwmevec,tors with k. and long arrows denote wavevectors with 2k..
(al): |zl|z (a2): ‘Z4|2 (a3): 224, (ad): z12223, (ab): zazszs, (ab): 2225z, (aT): Z1z22324,
a8): zi2324, (29): 2122252526. See (AD).
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I" — equivariant polynomials g(z) :

g(vz) =~vg(z) for all v € I

(el) (e2) (e3) (cd) (ed) (e6) (eT) (c8) (c9)
i ARSI ANA S\
o D

v

Figure A 3. Open paths on a hexagonal lattice. Closed circles denote the starting point
(0,0) and open circles denote the ending point (2k., 0). (¢1): z4, (¢2): 2i, (¢3): Z5%s, (c4):
Z1Z2%y, (c5): 7375, (c6): 7575, (cT): 21522336, (c8): z12023%5, (c9): Z373. See (A5).
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Amplitude equation generated by I" — equivariant vector field

2; = g;(21, 22, 23, 24, 75, 26) for 1 < j < 6 FIWf#: (0,0,0,0,0,0) Dg+T2
{Roz/3.¢,0,51(0,0), S1(0,0)}

Hiflie—F (r—)): (0,0,0,2,0,0), zeR S1+Z3

91(2) = Pr21 + Poz124 + Pyzozs + Pyzi2526 + Pszozzzy (¢, 0, Zo(m,0),51(0,0)} R{(0.0,0,1,0,0)}
+P5(z02376 + 222325) + Pr(22232526 + 222324%6) ,
+Pezoz3z425 + Pg(zlz%,zgz + 21232) op + po12” =0

94(2) = Q124 + Q027 + Q32526 + Quz1 2223 + Q5(2325 + 2326)

+Q62523 + Qr(212223%6 + 21222375)
P, Qj: real functions of invariant polynomials
34
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R&EE—F (RA&w—): (2,0,0,9,0,0), z,yeR S1+73
Hifie—F (IE/AAE): (0,0,0,z,z,2), z€R D6+Z% {c, Cv,Sl(O,G)} R{(1,0,0,0,0,0),(0,0,0,1,0,0)}
{R 7/3,Cy C ,ZQ(T{',O),ZQ(O,W)} R{(0,0,0,l,l,l)}
2n/3 0 o1+ Bry + k1122 + p11y° =0,

o2 + 627 + (21 + 2p22)a% = 0 5 5 3
o2y + Box” + ko127y + p21y” =0

d
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RBE&E—F (BRAESAE): (z,2,2,9,9,y), z,yeR Dg
i%’jﬁ%_ F (Eﬁﬂ:ﬁ) (0,0,0,x,y,y), I#yER 2‘2" {R27r/3vcvc’v} R{(lv1'1101010)1(01010117111)}

{e,ev, Z2(m, 0), (0, M)} R{(0,0.0.1,0,0).(0,0,0.0.1,1)} o1+ B1y+o1z+ (k11+2k12) 2%+ (11 +2p12+v1)y? + (201 +E€1)zy = O,

ooz + 8oy? + (2122 + 2u00y?)z = 0,
o2y + B2x? + 5oy? + (k21 + 2k22 + 262) 22y + (o1 + 2p22)y> + 1023 = 0

02 + 2z + poor? + (a1 + p22)y? = 0 ‘ ’

e

37

2z =g(z,\) DAEIL 2o OBUELE N

it —F (ZfF): (0,0,0,2,2,2), 26C D3+2Z3
{R27-r/376’11722(7T70)522(O77T)} C{(0,0,0,l,l,l)} .

zj = Rez;, y; =Imz;, gj =Reg;, gj=Img;, 1<;j<6.
9(vz) =vg9(2) = dg(vz0,\)y = vdg(20,A) for all y € I

& dg(zg,\)o = odg(zp, A) for all o € X,
ZIT X RTEEI NS EEAA R
Y.,={0el:0z=z} for ze C®

~v(0) & IT'IZBVT ~(0) =1 27T Do RHTHE LTS,

g(z0,A) =0 and yg(z) = g(vz) = g((0)z,\) =0

dg(zo) <80> zo = 0.

= <%) zo: YREGMHEIET S dg(zg) DEERZ b
6=0

RBE&E—F (EAFEe—1): (2,0,0,z2,9,9), z,xZycR Z%
(¢, es, Z2(0,7)} R{(1,0,0,0,0,0),(0,0,0,1,0,0)}

Rat—F (BRE=AY): (z,2,2,9,9y), z,yeC D3
{Ro./3,¢0} €{(1,1,1,0,0,0),(0,0,0,1,1,1)}

REAEE—F (RAERIE): (z,y,y,u,0,0), v7y,u#vER Z3
{C, CU} R{(l,0,0,0,0,0),(O,1,1,0,0,0)
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Bl © IENAICXTT B Jacobi (T DEIEE
{R‘Qﬂ'/37 C, CU} + Z% :
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Q41
as1
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oSO O OO
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o OO oo
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b1
b2y
b12
by
bs1
bso
di1
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di2
d41
ds1
d4o

d42

bi2
bi1
b21
bs2
bs2
bs1
dy2
dyy
day
dyo
ds2
dsy

ba1
bi2
b11
bs1
bso
ba1
day
dy2
dyy
ds1
dyo
dyq

SO OO oo

b14
bay
b1s
bag
bs4
bss
dyy
day
dys
dyq
ds4
dys

o O O oo

di4
dos
dis

ds4
dys

bis
bi4
bay
bss
bag
bs4
dis
dyy
day
dys
dyq
ds4

o O O OO

dis
di4
day

das
ds4

bay
bis
b14
bs4
bss
baa
day
dis
di4
ds4
dys
dyq

d44

a1l
a21
a3
41
as1
ae1

OO O OO

aii
a21
a21
Q41
as1
as1

o O O oo

a12
a22
a32
42
a52
a62

OO O OO

a12
ai1
a12
Q42
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a3
a23
a33
43
a53
a63

OO O OO
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a12
ai1
Q42
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o O O oo

a14
a24
a34
44
a54
a64

O O O OO

a14
24
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(44
a54
a54

o OO oo

ais
a25
a3s5
45
as55
a65

OO O OO

ais
Q14
24
45
44
45

SO O OO

C.
ale 0
a92¢ 0
ase 0
46 0
ase 0
age 0

0 dnp
0 do
0 d31
0 d41
0 ds
0 de
42
Cy
a1y 0
a4 0
a4 0
a4s 0
a4s 0
Qg4 0
0 dn
0 dn
0 dn
0 du
0 ds:
0 ds

44

d42

oo O oo

dq3
da3
d33
dy3
ds3
dg3

o O O oo

dy4
day
d3y4
dyq
ds4
dey

[en BN el en i an i an)

dya
d2a
da4

ds4
ds4

o O O oo

dis
di4
day

das
dys

SO O oo

die
dag
d3e
dse
dse
des

o O O OO

dis
doy
di4
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Zg(ﬂ' ,0)

air  ai2 0 0 0 0 0 0 0 0 0

as1  ail 0 0 0 0 0 0 0 0 0

0 0 a1 a4 Q24 Q14 0 0 0 0 0

0 0 a42 Q44 Q45 Q45 0 0 0 0 0

0 0 Q42 Q45 Q44 Q45 0 0 0 0 0

0 0 aso Q45 Q45 Q44 0 0 0 0 0

0 0 0 0 0 0 dii diz O 0 0

0 0 0 0 0 0 doy1 din O 0 0

0 0 0 0 0 0 0 0 dy1n dog dog dig
0 0 0 0 0 0 0 0 dao daa dys das
0 0 0 0 0 0 0 0 dio dis daa dus
0 0 0 0 0 0 0 0

45

1 is —is 2is —2is
SH(s,0) = (e"z1,6 29, 23,67 24,0 25, 26),

1 it ot 20t 2t
SH0,t) = (21,6 "“29,€" 23, 24,0 25,67 2¢)

(dg) - ker(dg) =0
dyg —dys =0, dys —dyy =0, dys — dy5 =0,
—dys +dys =0, —dyy+dys =0, —dys+dy=0
yields dyy = dys.
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), = (iz1, —iz9,0, 224, —2iz5,0) = (0,0,0,0,0,0,0,0,0,1,—1,0)

2 = (0, —izy, 23,0, —2iz5, 2iz) = (0,0,0,0,0,0,0,0,0,0,—1,1)
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991 , 5091 409 dgy  99; dg}
(9.]?4 +2 6£Ur 36:[/4, 0(2)~ 0374 8:)55 (2)’ 8371 (3) and

BiiO—)LIcXd 2EHEE
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995 995
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, 2
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oW BT B AR (D (2,y, 2) EULFICHHIT 2 :

etike otik(Fat+ Ly vy,
ot 2ika eiQik(2x+‘/_)

B = eikx, Ey = eik( x—i—‘fy)
LuE, W) 27—y 2o

v = 3 ¢FLET ES

Lmn(/i)(f)(]) = C’r%)zsmnﬁf}%%a

Smn =38
mn |E)z—>i(m——)7,3y—>zfn'y 8, —d/dz’

Lmn = [,|
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(%Hi(mfg)'y,ayﬂign'y,azﬂd/dz'

eiik(—%w—@y) ,

o+ 2ik(~3—3y)

dg}
oy

(3)

w(x,y, z,t) RT3 IERIEREMS TR
&&/) = L)Y + N (,%), Hip =0 on dp
S, L, H: ¥IEENHE, N 2 ROIEGIEHE
HMYBIE A e -
L) (a,y, 2) = cDSYW (2,y,2), j>1.
Re 0‘(1) > Re 0(2) > Re 0'(3) >
Re o1 = 0, Re oW <0 for j>2
EIRETHE ...
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Bt P -

Lmn(ﬂ)¢(]7)z = U’Sgr)zsmnimna
with

(B9, (Lnn() — 0 Smn)690) = (69, (Linn (1) — 052 Gmn) BE)-

Y(x,y,z,t) = Z Z Z Af;{?;@)(bgr{?zmeH, A(_ng n I‘L(rjn)z
m=—oon=-—o00 j=1
AG) = oD () AG) + Z)\(J pﬂg) - lA(p)Afg) —

U(j)( ) = <¢mn7Lmn(N)¢ > )\(],p,q) (¢ (17)1 N(¢Igll’)7¢(q>kn D)
TR sanghy T T G Sl
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1 i 1 1 1 1 1 1
Ag;j@)n = hg%)n(Agz%,(b AEL)iD AEFB,:Flv AS[%,O’ A((L)iZ? AEF%,:FQ)'

i j 1 1
h%% = Z 7’(612211le/(€1),sz1(1;2 + 0(3)

k1,k2,l1,l2

, (j11)
(4) _ kikalilo
Theikolils = ) (1) _ ()

Tkiks + Olily = Tky+ko,li+a

A%) — 21, Aé)ll) — 22, A(_li_l — Z3,

A%) — 24, Aéé) — 25, and A(}%f? — 26
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3 = o121 + 012273 + B1Z124 + [k11| 2|2 4 ri2(J22)* + |23)%)] 21

Hlpan|zal® + paa(|zs)? + |26]3)]) 21 + 1212526 + E1202324 4+ M1 (Z223%6 + 22237s5),

2y = 0924 + 025526 + Pozi + [Kar|21|? + Koa(|z2]? + [23]%)] 2

+por|za|? 4+ p2a(|25]* + |26|%)) 24 4 voz12273 + €2(2525 + Z3%6).
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