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turbative order-N methods based on generalized Wan-
nier states.10,11) The Wannier states {φi} are local-
ized and the index i denotes its localization center. The
equation for wave functions is common between the two
methods and is given by the one-body density matrix
(ρ ≡ ∑occ.

i |φi〉〈φi|).10) In the compuational algorithm,
the perturbative method is simpler than the variational
method. Figure 1 demonstrates our large-scale calcula-
tion among 102 − 106 atoms.

With the above two methods, we now construct a novel
hybrid scheme, in which the variational method is used
only for the wave functions whose centers locate near
fracture regions. The regions contain, typically, 4 × 104

electrons. Some of such wave functions change their char-
acter dynamically from the bulk (sp3 bonding) states to
surface ones, as discussed later. The other wave func-
tions, in bulk regions, keep the character of the bulk
bonding states and can be obtained by the perturba-
tive method. The wave functions {φi} calculated by the
two methods are commonly used for constructing the
one-body density matrix ρ. Any physical quantity is ex-
pressed by the density matrix10) and is well defined in
the present hybrid scheme.

The present work is based on a transferable tight-
binding Hamiltonian with s and p orbitals.12) It is used
for several crystalline phases and non-crystalline phases,
such as liquid12) and surfaces.13) Since the fracture is
the formation of surfaces in a bulk region, the theory
should reproduce the atomic structures both in bulk and
surface phases, which is satisfied in the present Hamilto-
nian. The essence of the quantum mechanical freedoms
is the fact that the sp3-hybridized bonds are formed in
the bulk region, while are not on surfaces. To analyze
the hybridization freedom, a parameter f

(j)
s is defined,

for a wave function φj , as

f (j)
s ≡

∑

I

|〈φj |Is〉|2, (2)

where |Is〉 is the s orbital at the I-th atom. For example,
fs = 1/4 in an ideal sp3 hybridized state.

In this letter, we focus on the Si(001) surface, a stan-
dard template of the modern silicon technology. A char-
acteristic feature in the Si(001) surface is the formation
of asymmetric dimers.14,15) The asymmetric dimer is
connected by a ‘σ’ bonding state. Another state is lo-
calized on the ‘up’ atom, the dimerized atom near the
vacuum region. This localized state is called ‘π’ state,
because the direction of its p components is nearly per-
pendicular to the dimer bond. Here an energy quantity
is defined as

∆ε
(cov)
i ≡ 〈φi|H|φi〉 −

[
f (i)
s εs + (1− f (i)

s )εp

]
. (3)

A negative value of ∆ε
(cov)
i corresponds to the energy

gain of a covalent bonding. The ‘σ’ state has the gain of
∆ε

(cov)
i ≈ −2eV, which mainly contributes to the dimer-

ization energy (about −2eV).15) The ‘π’ state has much
smaller ∆ε

(cov)
i , which is comparable to the energy dif-

ference between the asymmetric and symmetric dimers
(the order of 0.1eV).15)

The simulation details are as follows; The hybrid
order-N scheme is used for systems with 104 atoms or
more. In systems smaller than the above size, the vari-
ational method is used in the whole region. The sam-
ples are isolated tetragonal clusters, whose geometries
are labeled with the number of atomic layers, such as
n100×n010×n001 or n110×n11̄0×n001. As the boundary
condition, the Wannier states at the sample surfaces are
terminated by fixed sp3 bonding states and are not re-
constructed. The time step of the molecular dynamics is
3 fs. The total kinetic energy is controlled to be that with
300 K by the Nose thermostat method.16) The numeri-
cal accuracy is checked among bulk, surface and fracture
properties, such as the elastic constants, the dimer for-
mations on the clean (001) surface, and the critical stress
for fracture. The last quantity is checked, with smaller
samples, in comparison with the standard diagonaliza-
tion. The calculated fracture propagation velocity is al-
ways in the same order of, but less than, the Rayleigh
surface wave velocity (4.5km/s), as expected from the
continuum theory.2)

For fracture propagations, external loads in the [001]
direction are imposed. During the simulations, the exter-
nal loads can be dynamically controlled by the atoms on
the sample boundaries in the z direction. These atoms
are fixed or under artificial constant-velocity motions in
the z axis. The velocity, typically 10−2 km/s, is much
smaller than that of observed fracture propagation ve-
locities (km/s). As a seed of fractures, a short range
repulsive potential is imposed on one particular pair of
atoms, as a defect bond. For smaller samples, the simu-
lations begin without initial deformations and the frac-
ture always occurs with the external loads of, typically,
σ ≈ 2GPa, which corresponds to the strain energy of
σd3

0 ≈ 0.1eV per atom. For larger samples, the simula-
tions begin with initial static deformations in the above
magnitude of external loads. The length cG in Eq. (1)
is calculated as cG ≈ 100nm, which is longer than the
present sample sizes (L ≤ 20nm).

In results, a two-stage reconstruction process is com-
monly observed as the elementary process during suc-
cessive bond breakings; In Fig. 2(a), we monitor the
one-electron energy εi ≡ 〈φi|H|φi〉 and the hybridiza-
tion freedom f

(i)
s of a Wannier state |φi〉. Before the

bond breaking (t < 0 ps), the wave function |φi〉 is
a bonding state in the bulk region, deformed due to

Fig. 2. (a) Elementary reconstruction process with the one-

electron energy εi and the weight on s orbitals f
(i)
s . (b) An

asymmetric dimer on a resultant crack. The black rod and black
ball correspond to the ‘σ’ and ‘π’ states, respectively.




