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Krylov subspace methods

AX=Db
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[SIAM News, Vol. 33, No. 4, 2000]

/ —ast Fouriler Transform \

- Fast multipole method

+ Fortran compiler

» Householder matrix decomposition
- Integer relation detection algorithm
» Krylov subspace methods

- Monte Carlo method

» QR method

» Quick sort

K Simplex methods /
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~(A=A" (A=A =A")_
CG (& HEE) (hpd) COCG
[Hestenes & Stiefel, 1952] [van der Vorst & Melissen, 1990]
CR (&#&&LEE) COCR
N [Stiefel, 1955] )L [S. & Zhang, 2007] )
H
/ ................ B |CG ................ ( A . A ) . |:dol|£\9/él] N
(R & & BLiEk) aad,
i [Fletcher, 1976] : GMRES
L ’ [Saad & Schu“:z’ 1986] ‘
MR | (Zhang's framework, 1097) "
STTRES L ___________________________ 1D R(s) ........................
[Sonneveld 1989] ~ BiCGStab (Sonneveld¥t 9 E M%) |
. GPBICG [van der Vorst, 1992] [Sonneveld & Gijzen, 2008] :
[Zha”91997] ............................................... IDRStab .
i BICGStab(l) - Sleijpen&Gijzen, 2010]

[Sleupen & Fokkema, 1993] . GBiCGStab(s,L)
.................................................................. Tanio&Sugihara, 2010]
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K_(A,V):=span{v, Av,..., A""v}
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7V a7y EMOFLrL FhFE L)
Ax = b itk X, 2 BT BE O BAR

-------------------------------------------------------------------------------------------------------------------

T =D—AX), nREBAERENT b
i Y —————— é
- X, eX,+K (AT,) f
BRI |
o, LW _(nkasaE)
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CG COCG
r L K (Ar,) r L K (Ar)
(7 vF 3 A-7ot R) (BEAH7 v F a3 A-7otk R)
L J
H
S (AzAT) —
BiCG GMRES

(R7vFaR-TEER) (;—‘/w74 7n)c7\)




The Conjugate Orthogonal CG method

COCG

r LK. (Ar)
(MExt#H7 v F 3 A-7ut )

wiE (X, y)=x"y

\_ 5
Conjugate Orthogonal property
(R E X )
A (1#])

pn = Irn +Bn—1 pn—l
o= 80

(P, Ap,)
X=X, +a P,

n+

rn+1 o rn o anApn

HH (Fn+1’ rn+1)
=
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KS methods for shifted linear systems
(A+O'i|)X(i) —pb fori=12..m

(Fém: 243 INAFKE) , Vol.19, No.3, 2009)
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(Shifted) CG Shifted COCG
[Young, 1988] [Our work, 2006]
_ L J
A= A")
S (A=A") — ~
Shifted BiCG (Srﬁggﬁg?&%yﬁ%glm)

-------------------------------------------------

Shifted BICGStab(f)

(Restarted) Shifted GMRES(m)
[Frommer, 2003] E .

[Frommer & Grassner, 1998]

- Shifted FOM
\\ Shifted IDR(s) ¥ ~%... [Simoncini, 2003] /

.
L]
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Shifted COCG &%

~ Ax=b  (A+o)x" =b

i 1

COCGH# COCGH#*
AR~ bV FARR~N 27 ML

[_ x. K (ADb) 4] [_xg” e K. (A+o, |,E]
A\

| K,(Ab) =K (A+0;1,b)|
7V 78yEEMDLT7 PRER




Shifted COCG &%

(A+a 1) xV =b

rg:zl i I:{n+1 (_(j )
Ax=b o0 = (20 20 )q,

coCG | “PT| g0 = (29 120y2p

R = (11 7Y, + 60,08

A~ LRSS | X =D +al g
WA LW |

() it (i) B ! (i) (1)
Thi1 = n+1( G) (1+Oé )nn S Oén(ﬁn T
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KS methods for generalized shifted linear systems
(A+ o B)X(i) =b fori=12,...,m
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| (A+Ui|)X(i) =b fori=12..m

¥ 7 PREHEO
Ko(A+oil, b) =K, (A+0;1, b

— AL 7 I HT AR

(A_I_O-i B)X(i) =p fori=12,...m |

Y7 MARE X
Ky(A+0,8,b) <K, (A+0;B, b
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(A+o,B)x" =b for i=12,...,m
. B:ERIFTF
(B*A+o,1)x" =B™'b for i=12,...,m.
o /
.2 RERTG T A DA F ~

XX%’?GWDE‘Q (X1 y)B =X By

(X, B*Ay), =(Y,B*AX) , — Shifted COCGi% 3%
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Generalized Shifted COCG*

(B*A+a 1)x® =B
pn :rr: +Bn—1pn—1
S gaT

: (pn’(B_1A+GSI)pn)B
Xn+l H Xn +anpn

' =1 —a (B™*A+o.l) p

n+1

' '
B HH (rn+1’ r-n+l B
n

(fh:Th)s

(B*A+q,1)x" =B

n+1 == Rn+1((7 —0 )

(l) (72.(1) /ﬂ(l) )O‘n

n+1

(DEct (i) (1) 2
‘ Bn—l_ (ﬂ-n—l/ﬂ-n ) Bn—l

p(') (1/7z('))r +B(') (-)

x© = x® 4 o® p(')

n+1

r'=B7r,=B 7 (b—(A+ao,)1)x, DR




Generalized Shifted COCG*

(B*A+o,1)x® =B"b (B‘1A+oi 1)x" =B7'b
PRt i 7ea= Roal0,=0,)

\an h (ﬁn’((rnA, E;:E;)) . a® = (791 7).
- F |esrld TR
:rm =1, —a (A+0,B) IO V[p“’ 1/ 20) B‘lrn]+B(‘) p®
\Bn ((n: 2::1) ) X(Z = x ¥ —I—(x(') p(')




Generalized Shifted COCG*

(B*A+a 1)x® =B R

- Solve BV =T,
(AHF TIXICGk)

&, =
(pn’(A+GsB) pn)
X =X,+ap

n+1

r =r,—a (A+oB)p

(rn+l’ B_lrn+1)
(F,,B™Tr,)

Bn =
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- GSCOCG* : Generalized Shifted COCG#*

VT64 Workstation | CPU: 2.4GHz (AMD Opteron 252)
2100 Memory: 8GB
Code Fortr_al_w I | |
(double precision arithmetic)
Initial guess all zeros

Stopping criteria

Outer iteration Rel.Res.<107**

Inner iteration Rel.Res.<107**
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Au 256 atoms (FCC)

ﬁ(A+a B)x" =b, N:2304, Nnz:1,059,584 A
—0.400+0.001
=0.401+0.001i § 1001 @ Fi2R
\[01001=1.4o:q+ 0.00%i _ y
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(0.400+0.001i) Shiftvalues  (1.400+0.001i)
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IR
b

-8l

-12
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(0.400+0.001i) Shiftvalues  (1.400+0.001i)
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Number of iterations

FAEH) 1 (Au 256 )

Shifted COCGx% ¥ COCGED T RIA &

400
GSCOCG+ CG(E 1012) —
COCG — ]

300
200 | w N L“

| "' 'M
100 }

0 . . . .

0.4 0.6 0.8 1.0 1.2 14
(0.400+0.001i) Shift valuec (1.400+0.001i)
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COCG*: 1217.3 [sec.]

GSCOCG%: 33.7 [sec.]
- /

A 85 ] o b (COCGI%/GSCOCG)
#9364% & ik
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SHAFO{HFTREALTRLBL i ES%



FAEp) 1 (Au256)
NERBEDFE LR RBEND RIEEIK ¥ D 1%

400 - -
CG(s =10™?) —
W\ CG(: =10™°)

1

Number of Iterations

CG(¢=10°) —
] CG(s=10°%) — ]
' L}!Ukhfr[ \J
NN
:‘:;r} ‘L_Jr \UJ ]LI A
100 Seed

I 0.573+0.001i
N

0.4 0.6 0.8 1.0 1.2 1.4

(0.400+0.001i) Shift value o (1.400+0.001i)



FAE#] 1 (Au 256 )
W%&ﬁm% x%%ﬁﬁ@ﬁ@ﬁﬂﬁixm%%

CG(:=10"%) —

_2 I Seed CG(E 1010)
= CG(:=10°) —
2|l A
Q1 J
Tl=bp ’W\, WULLU’%LLL,L
tli, -8 fﬂf&m .fmb k KLL ‘U“L&_LLL!&
'l'l-::l I‘-’
:%D 10

12 f*’“”uk"k-% LUWENS MMMJLM, M

04 06 08 1.0 12 1.4

(0.400+0.001i) Shift values (1.400+0.001i)



TR EEE (Au256)

| CPU time [sec.] Total
crieraforcs | 'Sf0" | Seed [ shifted | CPU time

(Inn. 1ts) system system [sec.]

102 18 30.25 4.78 35.03

10710 16 28.32 4.95 33.27

10°° 13 28.17 5.75 33.92

10° 11 31.15 1.23 38.38

HHEODEEHR : O —FFERX
W3AFIE IR HTER W
= WIHRRAEEK RS, INBRRAEE : e
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AU 864 atoms

4 (A+0.B)x" =b, N:7,776,Nnz: 3,619,104 N

o, =0.400+0.00%i
0, =0.401+0.001i

\[92001= 1.400+0.001i _

> 1001 1B FAER

/
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W RBDOFFE LM R D RIS ¥ D %
1600
CG(c = 1012)—
m 1 CG(e= 1010)
- CG(¢ =10°) —
E 1200 | CG(e=10°) __ °
= |'
3
= 800 |
o
e)
= I
Z 400
| 0.573+0.001]
) B
0.4 0.6 0.8 1.0 1.2 1.4
(0.400+0.001i) Shift value ¢ (1.400+0.001i)
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W%&ﬁm% x%%ﬁﬁ@ﬁ@ﬁﬂ&ixm%%

CG(: =10"2)
CG(e = 1010)
2L s7av0.001 COe-100 —
- b CG(: =10°) —
A}

6 T!M\NU\L& IJ.IM')LfhﬂIrbkruk’k-'kx"\f%"r%%\ﬂ’kﬂﬂﬁm’r\-hmw fLF.I It\_
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|b—(A+0.B)x? |

log

12 PRI WMW TN

0.4 0.6 0.8 1.0 1.2 1.4
(0.400+0.001i) Shift values (1.400+0.001i)
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Stopping CPU time [sec.] Total
Criteriafor CG | ItsforCG | seed | shifted | CPU time
(Inn. 1ts) system | system [sec.]
10*° 21 484.5 50.1 534.6
1010 18 4382 | 525 | 490.7
10° 15 4574 | 656 | 5230
10° 12 4468 | 764 | 5232

B 1 ¥ Blskna&
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COCG/#: 16867.8 [sec.]
GSCOCG%: 534.6 [sec.]
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A 85 ] o b (COCGI%/GSCOCG)
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Shifted COCG*: 1%
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