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( Strategies of matrix solvers

! Krylov (iterative) solvers
* ‘projection’ strategy
- (mainly) sparce matrices

* basics of O(N) calculation)
ex. CG algorithm

\

) 4 ]
Direct solvers

- ‘transformation’ strategy
- (mainly) dense matrices

» O(N3) calculation

\.

r

‘projection’ on the Krylov subspace of
K, (A;b) = span {b, Ab, A®b, ..., A" b}

n . subspace dimension (iteration number)

.
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! Krylov (iterative) solvers

* ‘projection’ strategy
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Strategies of matrix solvers

\

! Krylov (iterative) solvers A (Direct solvers
‘projection’ strategy (
- (mainly) sparce matrices

* basics of O(N) calculation)

ex. CG algorithm for
— the n-th step solution

IS given b
ex. CG algorithm o 4

r

‘projection’ on the Krylov subspace of
K, (A;b) = span {b, Ab, A®b, ..., A" b}

n . subspace dimension (iteration number)

. -




( Strategies of matrix solvers

! Krylov (iterative) solvers
* ‘projection’ strategy
- (mainly) sparce matrices

* basics of O(N) calculation)

\

) 4 ]
Direct solvers

- ‘transformation’ strategy
- (mainly) dense matrices

» O(N3) calculation

\.

r

Example

‘transformation’ of the whole space

dense tri-diagonal diagonal

—>
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examples

Hermitian
» general
» real symmetric
Non-Hermitian
* general

|

r

typical Krylov
solver for Ax=b

CG

BiCG

» complex symmetricT— COCG

\
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Overview

| Application-Algotirhm-Architecture co-design |
- RS AGHEER ) DS KBS AR SR HPO D T DB

(" )

. . quantum
[Apphcatlon' material simulationn ]

!

[Algorithm : numerical linear algebra]

!

(post-)petascale
supercomputers

EArchitecture :

\_




http://www.elses.jp
[ ELSES, our electronic-structure calculation code _]

Benchmark with upto 100M atoms( < Si: (1 26nm)3region)
( Hoshi et al.,JPCM24, 165502(2012) JPSJ 82, 023710 (2013); JPSCP. 1, 016004 (2014) )

aCP :amourphous-like conjugated polymer, poly-(9,9 dioctil-fluorene),
NCCS: sp2-sp3 nano composite carbon solid

4 N
(a) Order-N scaling (b) Parallel efficiency (strong scaling)
5 on the K computer ( ~all nodes)
10 3
10
8 aCP S (full—core caIc.)
(V) Q
< 10% 2 NCCS
E ()
3103 3
= S 100M at
L s (w/ a oms)
2 10!
101 05 100 107 108 104 10° 100
Number of atoms N Number of CPU cores P




http://www.elses.jp
[ ELSES, our electronic-structure calculation code _]

Benchmark with upto 100M atoms( < Si: (1 26nm)3region)
( Hoshi et al.,JPCM24, 165502(2012) JPSJ 82, 023710 (2013); JPSCP. 1, 016004 (2014) )

aPF _.amourphous-like coniugated polvmer, polv-(9.9 dioctil-fluorene),

| Methodology

* Oringinal linear-algebraic order-N algorithms
with generalized shifted linear equations

O
Q
g * Applicable both to metals and insulators
=| *Modelled (TB-type real-space) systems based on @b initio calc.,
2| +Options: * DFT-derived charge-self-consistent formulation
o * van-der-Waals correction

10 10

105 106 107 108 104 102 100
Number of atoms N Number of CPU cores P




Application studies with ELSES ] http://www.elses jp/
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Organic materials lonic liquid Li ion diffusion
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conjugated polymer)
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helical gold nanowire _Si brittle fracture
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Overview

[

Application-Algotirhm-Architecture co-design

-

Workflow
iterative loop

v |

matrix . physical

[ generation} i [ matrix solver ] } quantities }
conventional

/ G. Eigen-Value egn. \ ,

(wave function ) physical

quantities

alter%

G. Shifted Linear egn.

/

( Propagation (Green'’s) fn.)
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Basic equations

.

r

Generalized eigen-value (GEV) equation

H, § : Hermitian, S: positive definite (S = /)

—

wavefunction
formulation

J

A .
( v k . . : ) : S
Generalized shifted linear (GSL) equations the propagation
(Green’s) function
( z:complex energy ) formulation
\./W\/:\./
non-Hermitian
—>
\ with : the Green’s function )
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Mathematical structure of quantum physical quantities

Generalized eigen-value problem Physical quantity in trace form
= 1
Hyk = AeSYk D xy = Trxy) @
Physical quantity with a given matrix X with the density matrix
(Ex.the caseof X =H
--> Electronic structure energy) [= Z f()\k)yky;z (5)
k
_ t
(X) = > fOWuiXyr @
k aa
| | | _ f()\) (a ‘smoothed’
with a given weight funciton step function)
('Fermi distribution function’) 1

1
exp(B(A — ) +1

(3. I :given parameters )

fA) =

(3)




The work flow
(HS) = G—=u—p

u -chemical potential
(determined by the bisection method)
o -density matrix (calculated from G & u)



[ Studies on novel linear algebraic algorithms

Collaboration with applied mathematics researchers:
T. Sogabe (Aichi Pref. U), S.-L. Zhang, T. Miyata (Nagoya U)

i Studies for (generalized) shifted linear equations:

@Use of the collinear residual theorem; (non-l-llermltlan i
R. Takayama, et al., Phys. Rev. B 73, 165108 (2006) complex symmetric)
— Theoretical extensions:
T. Sogabe, et al, ETNA 31, 126 (2008)
H.Teng, et al, Phys. Rev. B 83, 165103 (2011)
T. Sogabe, et al, J. Comp. Phys. 231, 5669 (2012) ]

[2] Krylov subspace theory with exact physical conservation law;
T. Hoshi, et al, J. Phys.: Condens. Matter 24, 165502 (2012)

-

.
Studies for generalized eigen-value problem:

[3] Use of Sylvester’s theorem of inertia;
D. Lee, et al, Japan J. Indust. Appl. Math. 30, 625 (2013)




Shift invariance of Krylov subspace




R. Takayama, et al. , Phys. Rev. B 73, 165108 (2006)
[ Shifted conjugate-orthogonal conjugate gradient (sCOCG) method J

Shifted linear equations: ( )
( h
Collinear residual theorem A. Frommer, Computing 70, 87 (2003)
— One can construct the Krylov subspace method with the following property
g N ( A

Collinear residual theorem

: solution vector at the n-th iterate .. :
( between origina and shifted eqgns. )

Residual vector at the 'seed’ eq. (0 =0)
(-0) (1) ©)
Residual vector at the “shifted’ eq. (o # 0)

(—0) @

k J 2

: scalar




R. Takayama, et al. , Phys. Rev. B 73, 165108 (2006)

[ Shifted conjugate-orthogonal conjugate gradient (sCOCG) method J

Shifted linear equations: (

)

-
Collinear residual theorem
— One can construct the Krylov subspace method with the following property

A. Frommer, Computing 70, 87 (2003)

( N [ . .
: solution vector at the n-th iterate Collinear residual theorem

Residual vector at the 'seed’ eq. (0 =0)
(—0) (1)
Residual vector at the “shifted’ eq. (o # 0)

: scalar

3)

(—0) @

Eq.(2) is replaced by Eq.(3)

by the scalor-vector multiplication
— Drastic reduction of operation cost

— The matrix-vector multiplication is replaced

\

( between origina and shifted eqgns. )

\




 Shifted COCG method

[ 'seed’ eq. :

|

wozmgzp_lzp_

0
6_1 — 0,04_1 =1

<

0'1:0
9
- ) - -

mo=7"1y=1,790 = b,

dO n = O’ 17 “e
Dn =Ty + 6n—1pn—1
’rg’rn
oy, =
P, Apn

Lpt+1 = L + nPn

()
2)
3)

ny1 =T — anApn
6 o Tg+17°n+1
S Y
enddo

4
5)

R. Takayama, et al., Phys. Rev. B 73, 165108 (2006)

Collinear residual theorem
-

(a)

(b)

~

—

N

'shifted’ eq. :

nﬁn 1

Op—1

= (1 4+ ano)my + (7 = 71

nl—(ﬂ- 1) 6711
e

O'

n
n+1

o 1 o o
p, = ;’I"n + 6n—1pn—1

n

o O O g0
wn—l—l - :Bn + ann

(6)

(7)

(8)

©)

(10)




R. Takayama, et al., Phys. Rev. B 73, 165108 (2006)

 Shifted COCG method

Collinear residual theorem
-

N
(a)
['seed‘ eq. ]
7T():7T31:1,’I"0:b, (b)
G1=0,a1=1 \ J
dO n = O’ 17 .. _ —
'shifted' eq. :
nﬁn 1 o o -
(1 + OénO')T(' + ( Ty — 71-n—l) (6)

Op—1

1
n 1 — ( 7'(' ) 671 1 (7)
Tyl =T, — oA )
n+l1 = Tn — Op APy 4) (8)
/6 _ Tg+17°n+1 (5) n+1
"oy, Pl = —{ra}t BP0 9)

Ty = Ty + P, (10)
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